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A NON RICCI-FLAT EINSTEIN PSEUDO-RIEMANNIAN
METRIC ON A 7-DIMENSIONAL NILMANIFOLD
MARISA FERNA´NDEZ, MARCO FREIBERT, AND JONATAN SA´NCHEZ
Abstract. We answer in the affirmative the question posed by Conti and Rossi
[7, 8] on the existence of nilpotent Lie algebras of dimension 7 with an Einstein
pseudo-metric of nonzero scalar curvature. Indeed, we construct a left-invariant
pseudo-Riemannian metric g of signature (3, 4) on a nilpotent Lie group of dimension
7, such that g is Einstein and not Ricci-flat. We show that the pseudo-metric g
cannot be induced by any left-invariant closed G∗2-structure on the Lie group.
Moreover, some results on closed and harmonic G∗2-structures on an arbitrary
7-manifold M are given. In particular, we prove that the underlying pseudo-
Riemannian metric of a closed and harmonic G∗2-structure on M is not necessarily
Einstein, but if it is Einstein then it is Ricci-flat.
1. Introduction
An Einstein manifold (M, g) is a pair consisting of a differentiable manifold M
with a Riemannian, or pseudo-Riemannian, metric g whose Ricci curvature Ric(g) is
a multiple of the metric g, i.e.
Ric(g) = λ g, (1.1)
for some real constant λ. The metric g is called Ricci-flat when λ = 0, and g is said
to be Einstein metric of nonzero scalar curvature (or non Ricci-flat Einstein metric)
when λ 6= 0.
One of the results of Milnor [28] states that if G is a connected and non-Abelian
nilpotent Lie group, then for any left-invariant Riemannian metric on G there exists a
direction of strictly negative Ricci curvature and a direction of strictly positive Ricci
curvature; therefore, such a metric cannot be Einstein.
From now on, we restrict to left-invariant pseudo-Riemannian metrics on nilpotent
Lie groups. Such metrics are uniquely determined by scalar products on the associated
Lie algebra, also called pseudo-metrics. The Einstein condition is also expressed by
(1.1).
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In contrast to the Riemannian case, there exist Ricci-flat pseudo-metrics on non-
Abelian nilpotent Lie algebras (see [3, 4, 7, 14, 15, 16, 18, 22]). Some of these examples
are not flat, indicating another difference with the Riemannian case. More generally,
Conti and Rossi proved in [7] that if g is a nilpotent Lie algebra of dimension ≤ 6, then
any Einstein pseudo-metric on g is Ricci-flat. This result is also true in dimension 7
under a certain extra condition, e.g. when the Lie algebra is nice (see [7, 8, 23] and
section 2 for details). In fact, Conti and Rossi [7] excluded the existence of an Einstein
non Ricci-flat pseudo-metric on all 7-dimensional nilpotent Lie algebras with the
exception of 9 Lie algebras and 2 one-parameter families; and they provided the first
example of an Einstein pseudo-metric with nonzero scalar curvature on a nilpotent
Lie algebra of dimension 8 (other examples of such pseudo-metrics in dimension 8
and in dimension 9 are given in [9]). Then they raise the following question
Are there any nilpotent Lie algebras of dimension 7 with an Einstein pseudo-metric
of nonzero scalar curvature?
In this paper, we give an affirmative answer to this question, constructing an Ein-
stein pseudo-metric g of signature (3, 4) with nonzero scalar curvature on a seven-
dimensional nilpotent Lie algebra g (Theorem 2.2). If G is the associated simply
connected Lie group, the pseudo-metric g on g corresponds to a left-invariant pseudo-
Riemannian metric on G, which is Einstein and non Ricci-flat. Since the structure
constants are rational (see (2.1)), there exists a uniform discrete subgroup Γ of G; the
quotient Γ\G, called a nilmanifold, has an induced non Ricci-flat Einstein pseudo-
Riemannian metric (see Remark 2.3).
It seems now interesting to know if the Einstein pseudo-metric g on g is induced by
some well-known geometric structure. A natural class to look at are G∗2-structures as
these induce pseudo-Riemannian metrics of signature (3, 4) (see section 3 for details).
We prove that the aforementioned Lie algebra g has a closed G∗2-structure but the
non Ricci-flat Einstein pseudo-metric g is not determined by any closed G∗2-structure
on g. Indeed, we show that no closed G∗2-structure on g can induce a non Ricci-flat
Einstein pseudo-metric (see Theorem 3.10). The proof is based on some necessary
conditions that must satisfy a non Ricci-flat Einstein pseudo-metric induced by a
closed G∗2-structure on g (see Lemma 3.4, Lemma 3.5, Lemma 3.7 and Lemma 3.8).
As a consequence of Theorem 3.10, and using Nomizu’s theorem [29], we have
that the compact nilmanifold Γ\G, considereded above, has a left-invariant closed
G∗2-structure, but no left-invariant closed G
∗
2-structure on Γ\G can induce a non
Ricci-flat Einstein left-invariant pseudo-metric.
We remind that a G2-structure on a 7-manifold M is characterized by the existence
of a globally defined differential 3-form ψ on M satisfying a certain nondegeneracy
condition. Such a 3-form ψ gives rise to a Riemannian metric gψ and a volume form
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volψ on M . A G2-structure ψ is said to be closed if dψ = 0, while it is called co-
closed if d ⋆ψ ψ = 0, where ⋆ψ is the Hodge operator associated to gψ and the volume
form volψ on M . When both of these conditions hold, the Riemannian metric gψ is
Ricci-flat, and Hol(gψ) ⊆ G2 (cf. [1, 12]).
In the literature, special attention has been given to the case when gψ is an Einstein
metric [1, 5, 11, 27]. By the results in [1, 5] no compact 7-dimensional manifold can
support a closed G2-structure ψ whose underlying metric gψ is Einstein unless gψ has
holonomy contained in G2. The first author in a joint work with Fino and Manero
[10] proved that a 7-dimensional solvmanifold cannot admit any left-invariant closed
G2-structure ψ such that the induced metric gψ is Einstein, unless gψ is flat. Recently,
Lotay and Wei proved in [24, Proposition 1.7] that no 7-dimensional manifold M can
support a closed and harmonic G2-structure ψ unless ψ is also coclosed, and so the
underlying metric gψ has holomomy contained in G2 and it is Ricci-flat.
Contrary to the closed G2-structures case, we prove that if ϕ is a closed and
harmonic G∗2-structure on any 7-manifold, then the scalar curvature of the induced
pseudo-Riemannian metric gϕ vanishes. So, if gϕ is Einstein, gϕ is Ricci-flat but ϕ is
not necessarily coclosed (Theorem 4.2). We discuss two examples of seven-dimensional
manifolds, each of them with a closed and harmonic (but non-coclosed) G∗2-structure.
We show that in one of those examples, the induced pseudo-metric is Ricci-flat, but
the pseudo-metric is not Einstein in the another example.
2. The 7-dimensional nilpotent Lie algebra g
In this section we construct an explicit non Ricci-flat Einstein pseudo-metric on a
nilpotent Lie algebra g of dimension 7.
Before constructing our metric, it is worth recalling the notion of a nice nilpotent
Lie algebra introduced by Lauret and Will in [23]. Let {e1, . . . , en} be a basis for a
nilpotent Lie algebra h, with structural constants akij . We say that the basis {ei} is
nice if the following conditions hold:
• for all i < j there is at most one k such that akij 6= 0;
• if akij and a
k
lm are nonzero then either {i, j} = {l, m} or {i, j} ∩ {l, m} = ∅.
A nilpotent Lie algebra is said to be nice if it admits a nice basis.
Proposition 2.1. ([7, Theorem 4.3, Theorem 5.5]) If h is either a nilpotent Lie
algebra of dimension ≤ 6, or a nice nilpotent Lie algebra of dimension 7, then any
Einstein pseudo-metric on h is Ricci-flat.
Note that a classification of 7-dimensional indecomposable nilpotent Lie algebras
was given by Gong in [17] (see also [6]). This list contains 140 Lie algebras and 9
4 MARISA FERNA´NDEZ, MARCO FREIBERT, AND JONATAN SA´NCHEZ
one-parameter families. In addition, there are 35 decomposable nilpotent Lie algebras
([25, 30]).
Actually, Conti and Rossi were able to exclude the existence of an Einstein pseudo-
metric with nonzero scalar curvature for a wide class of 7-dimensional nilpotent Lie
algebras, namely for all but 9 indecomposable Lie algebras and 2 one-parameter
families (see [7, Theorem 4.4]). These Lie algebras h are characterized by the condition
that all derivations have zero trace, i.e. by Der(h) ⊆ sl(h) (see [7, Theorem 4.1]).
One of those 9 nilpotent Lie algebras is the Lie algebra g defined as follows:
g = (0, 0, e12, e13, e14, e15 + e23, e16 + e23 + e24). (2.1)
By this notation we mean that the dual space g∗ has a fixed coframe {e1, . . . , e7} such
that
de1 = de2 = 0, de3 = e12, de4 = e13, de5 = e14,
de6 = e15 + e23, de7 = e16 + e23 + e24,
where d denotes the Chevalley-Eilenberg differential on g∗, and e12 stands for e1 ∧ e2,
and so on.
Theorem 2.2. The nilpotent Lie algebra g defined in (2.1) has an Einstein pseudo-
metric g with nonzero scalar curvature.
Proof. Let us consider the coframe {f 1, . . . , f 7} of g∗ that, for simplicity of the ex-
pressions, we define by
e1 = f 1, e2 = f 2, e3 = −
26
51
f 2 + f 3,
e4 = −
2300
2601
f 2 −
26
51
f 3 + f 4, e5 = −
2300
2601
f 3 +
46
51
f 4 + f 5,
e6 = −
2300
2601
f 4 + f 6, e7 = −
50
51
f 6 + f 7.
(2.2)
In this new coframe, the structure equations of g are(
0, 0, f 12, f 13, f 14 −
24
17
f 13,
46
51
f 14 + f 15 + f 23,
50
51
f 15 + f 16 +
25
17
f 23 + f 24
)
.
We define the pseudo-metric g on g, that with respect to the dual frame {f1, . . . , f7}
of g is given by the diagonal matrix
g = diag
( 71639296000000000
168377826559400929
, −
1946720000000
2015993900449
,
−
2116000000
6975757441
,
21160000
24137569
, −
115000
250563
, −
600
289
, 1
)
. (2.3)
A 7-DIMENSIONAL NILMANIFOLD WITH A NON RICCI-FLAT EINSTEIN PSEUDO-METRIC 5
One can check that g is Einstein but not Ricci-flat. Indeed, with respect to the
orthogonal frame {f1, . . . , f7}, we have
Ric(g) =
48661191875666868481
659081523200000000000
g.
Moreover, for the scalar curvature scal(g) of g we obtain scal(g) = − 48661191875666868481
659081523200000000000
since trace(g) = −1. 
Remark 2.3. Let G be the connected, simply connected and nilpotent Lie group of
dimension 7 with Lie algebra g. By (2.1), the structure constants of g are rational
numbers. Thus, Malcev’s theorem [26] implies that there exists a uniform discrete
subgroup Γ of G such the quotient space Γ\G, called a nilmanifold, is compact.
The pseudo-metric g on g defines a left-invariant pseudo-Riemannian metric, that we
denote also by g, on the Lie group G such that g is Einstein and non Ricci-flat. Hence,
g descends to a non Ricci-flat Einstein pseudo-Riemannian metric on Γ\G, because
the projection π : G −→ Γ\G is a local isometry, and so π preserves the curvature.
Remark 2.4. We would like to notice that to find the pseudo-metric g defined in
(2.3), we use Mathematica© to determine a frame {f1, . . . , f7} of the Lie algebra g so
that {f1, . . . , f7} is orthogonal with respect to g and that g meets the required con-
ditions. To this end, if {e1, . . . , e7} is the frame of g dual to the coframe {e
1, . . . , e7},
we assume that each vector ei (1 ≤ i ≤ 7) is non-isotropic under the desired pseudo-
metric g. Thus, a Gram-Schmidt process can be performed. After this process, we
obtain a g-orthogonal frame {f1, . . . , f7} of g such that
fk =
k∑
i=1
pikei ,
with pkk = 1, for all k = 1, . . . , 7. Therefore, we have reduced from 77 to 28 the
number of unknowns to be determined. Then, we determine the Ricci curvature
Ric(g) of g with respect to the frame {f1, . . . , f7}. By imposing that Ric(g) must be
diagonal, i.e. Ric(g)(fi, fj) = 0 whenever i 6= j, we obtain a system of 21 equations.
Our strategy to solve that system is as follows. We take a small subset of equations,
which involve a reduced number of unknowns, and we determine the value of some
of these unknowns (usually this value will be given in terms of the other unknowns).
We repeat this process until the system is solved. Then, we discard those solutions
that imply that g(fi, fi) = 0, for some i ∈ {1, . . . , 7}, as well as those solutions in
which some element of the diagonal of the Ricci curvature vanishes. Finally, for each
valid solution, we must check if it determines a non Ricci-flat Einstein pseudo-metric
of signature (3, 4).
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3. Closed G∗2-structures on g
In this section, we show that the Lie algebra g defined in (2.1) has a closed G∗2-
structure, but g cannot support any closed G∗2-structure whose underlying pseudo-
metric is Einstein and non Ricci-flat. Therefore, the non Ricci-flat Einstein pseudo-
metric given in (2.3) is not determined by any closed G∗2-structure on g. First, we
need some definitions and results about G∗2-structures. (For more details on the group
G∗2 and G
∗
2-structures see [21, 13, 14].)
Let V be a real vector space of dimension 7. Consider the representation of the
general linear group GL(V ) on the space Λk(V ∗) of k-forms on V . An element ρ ∈
Λk(V ∗) is said to be stable if its orbit under GL(V ) is open in Λk(V ∗). In order to
describe the open orbits in Λ3(V ∗) we proceed as follows. For each 3-form ϕ ∈ Λ3(V ∗)
on V , we can define the symmetric quadratic form bϕ : V × V → Λ
7(V ∗) by
6 bϕ(v, w) = ιvϕ ∧ ιwϕ ∧ ϕ, (3.1)
where v, w ∈ V , and ιv denotes the contraction by the vector v ∈ V . By [19], ϕ is
stable, i.e. the GL(V )-orbit of ϕ is open in Λ3(V ∗), if and only if bϕ is non-degenerate.
In this case, we consider the symmetric map gϕ : V × V → R given by
gϕ(v, w) volϕ = bϕ(v, w), (3.2)
where v, w ∈ V , and volϕ is the volume form given by
volϕ =
9
√
det(bϕ).
Hitchin shows in [19] that there are exactly two GL(V ) open orbits in Λ3(V ∗) which
are defined by
Π+(V
∗) =
{
ϕ ∈ Λ3(V ∗) | gϕ is positive definite
}
,
and
Π−(V
∗) =
{
ϕ ∈ Λ3(V ∗) | gϕ is indefinite
}
.
Moreover, if ϕ ∈ Π+(V
∗), then ϕ defines a G2-structure on V . But if ϕ ∈ Π−(V
∗),
then ϕ defines a G∗2-structure on V . In this case, the metric gϕ has signature (3, 4)
and the stabiliser of ϕ is the non-compact group G∗2 ⊂ SO(3, 4), i.e.
G∗2 = {A ∈ GL(V ) | A
∗ϕ = ϕ}.
If ϕ ∈ Π−(V
∗), there exists a gϕ-orthonormal coframe {v
1, . . . , v7} of V ∗ with gϕ(v
i, vi) =
−1 for i = 1, 2, 3, 4, and gϕ(v
j, vj) = 1 for j = 5, 6, 7, such that the form ϕ is given
by
ϕ = −v127 − v347 + v567 + v135 − v146 − v236 − v245, (3.3)
where v127 stands for v1 ∧ v2 ∧ v3, and so on. The action of G∗2 on V does not only
preserve the form ϕ but also the metric
gϕ = −(v
1)2 − (v2)2 − (v3)2 − (v4)2 + (v5)2 + (v6)2 + (v7)2,
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and the volume form
volϕ = v
1 ∧ v2 ∧ v3 ∧ v4 ∧ v5 ∧ v6 ∧ v7.
Denote by ⋆ϕ the Hodge star operator determined by gϕ and the volume form volϕ.
Then the Hodge dual ⋆ϕϕ is the 4-form given by
⋆ϕ ϕ = v
1234 − v1256 − v3456 − v2467 + v2357 + v1457 + v1367. (3.4)
Note that G∗2 also preserves the form ⋆ϕϕ.
Conversely, if ϕ is a 3-form on V such that there exists a coframe {v1, . . . , v7} of V ∗
for which ϕ is expressed as in (3.3), then ϕ is a G∗2-structure on V . Such a coframe
{v1, . . . , v7} is then called adapted to the G∗2-structure ϕ.
A G∗2-structure on a 7-dimensional smooth manifold M is a reduction of the struc-
ture group of its frame bundle from GL(7,R) to the group G∗2.
The presence of a G∗2-structure is equivalent to the existence of a special kind of
differential 3-form ϕ on M , which can be defined as follows. Denote by Tp(M) the
tangent space to M at p ∈M , and by Ω∗(M) the algebra of the differential forms on
M .
Definition 3.1. Let M be a smooth manifold of dimension 7. A G∗2-structure on M
consists of a differential 3-form ϕ ∈ Ω3(M) such that, for each point p ∈ M , ϕp is a
G∗2-structure on the vector space Tp(M).
Therefore, if ϕ defines a G∗2-structure on M , then ϕ can locally be written as (3.3)
with respect to some local basis {v1, . . . , v7} of local 1-forms on M .
Since G∗2 ⊂ SO(3, 4), a G
∗
2-structure ϕ determines a pseudo-Riemannian metric gϕ
of signature (3, 4) and an orientation on M , pointwise defined as explained above.
Denote by ⋆ϕ the Hodge star operator determined by gϕ and the orientation induced
by gϕ.
Definition 3.2. We say that a manifold M has a closed G∗2-structure if there is a
G∗2-structure ϕ on M such that ϕ is closed, that is dϕ = 0. A manifold M has a
coclosed G∗2-structure if there is a G
∗
2-structure ϕ on M such that ϕ is coclosed, i.e.
d(⋆ϕϕ) = 0.
Proposition 3.3. ([2, 12]) Let M be a 7-manifold with a G∗2-structure ϕ, and let ∇
be the Levi-Civita connection of the associated metric gϕ. The following conditions
are equivalent:
(i) ∇ϕ = 0;
(ii) dϕ = 0 and d(⋆ϕϕ) = 0;
Both conditions imply that the holonomy group of gϕ is isomorphic to a subgroup of
G∗2.
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Now let G be a 7-dimensional simply connected nilpotent Lie group with Lie algebra
g. Then a G∗2-structure on G is left-invariant if and only if the corresponding 3-form
ϕ is left-invariant. Thus, a left-invariant G∗2-structure on G corresponds to an element
ϕ of Λ3(g∗) that can be written as (3.3) with respect to some gϕ-orthonormal coframe
{v1, . . . , v7} of the dual space g∗ of g. Such an element ϕ ∈ Λ3(g∗) defines a G∗2-
structure on g. Moreover, with respect to the coframe {v1, . . . , v7} of g∗, the dual
form ⋆ϕϕ is expressed as (3.4). If dϕ = 0, then the G
∗
2-structure on g is called closed,
and if ϕ is coclosed, that is if ⋆ϕϕ is closed, then the G
∗
2-structure is called coclosed.
With this background in mind, we will prove in Theorem 3.10 that no closed G∗2-
structure on the Lie algebra g, defined in (2.1), can induce a non Ricci-flat Einstein
pseudo-metric, and so no closed G∗2-structure on g induces the pseudo-metric g given
in (2.3). To this end, we need to first show some necessary conditions that must
satisfy a pseudo-metric induced by a closed G∗2-structure on g.
From now on, we denote by {e1, . . . , e7} the frame of g dual to the coframe
{e1, . . . , e7} of g∗ (see (2.1)). Moreover, if ρ is a G∗2-structure on the Lie algebra
g, we identify bρ ∈ S
2g∗⊗Λ7g∗ (where bρ is defined in (3.1)) with an element in S
2g∗
using the volume form e1234567 of g.
Lemma 3.4. Let g be the 7-dimensional Lie algebra defined in (2.1), and let ρ be a
closed G∗2-structure on g inducing the pseudo-metric gρ. Then, gρ(e7, e7), gρ(e7, e6),
gρ(e7, e5) and gρ(e6, e6) are all zero.
Proof. From (3.2), we know that if u, v ∈ g then, gρ(u, v) = 0 if and only if bρ(u, v) =
0, where bρ(u, v) =
1
6
ιuρ∧ ιvρ∧ρ by (3.1). To prove that bρ(e7, e7) = 0, bρ(e7, e6) = 0,
bρ(e7, e5) = 0 and bρ(e6, e6) = 0 we proceed as follows. A generic closed 3-form γ on
g has the following expression
γ = c123 e
123 + c124 e
124 + c125 e
125 + c126 e
126 + c127 e
127 + c134 e
134 + c135 e
135
+ c136 e
136 + c137 e
137 + c145 e
145 + c146 e
146 + c147 e
147 + c156 e
156 + c157 e
157
+ c167 e
167 + c234 e
234 + (c137 − c146 − c147) e
235 + c236 e
236 + c237 e
237
+ (−c156 − c157 − c236) e
245 + (−c167 − c237) e
246 + c167 e
247 − 2 c167 e
256
+ (−c157 + c167 + c237) e
345,
(3.5)
where cijk are arbitrary real numbers. Thus,
ιe7γ = c127 e
12 + c137 e
13 + c147 e
14 + c157 e
15 + c167 e
16 + c237 e
23 + c167 e
24.
Consequently,
ιe7γ ∧ ιe7γ ∧ γ = 0,
for any closed 3-form γ on g. This equality and (3.1) imply that if ρ = γ is a closed
G∗2-structure on g, then bρ(e7, e7) = 0.
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Using again (3.5) we have
ιe6γ = c126 e
12 + c136 e
13 + c146 e
14 + c156 e
15 − c167 e
17 + c236 e
23
− (c167 + c237)e
24 − 2c167 e
25.
(3.6)
So,
ιe7γ ∧ ιe6γ ∧ γ = 0, (3.7)
and
ιe6γ ∧ ιe6γ ∧ γ = 0, (3.8)
for any closed 3-form γ on g.
Now, let ρ = γ be a closed G∗2-structure on g. Then, from (3.1) and (3.7) we obtain
bρ(e7, e6) = 0. Moreover, (3.1) and (3.8) imply that bρ(e6, e6) = 0.
Using (3.5) we have that the 2-form ιe5γ on g is given by
ιe5γ = c125 e
12 + c135 e
13 + c145 e
14 − c156 e
16 − c157 e
17 − (c156 + c157 + c236) e
24
+ 2 c167 e
26 + (−c157 + c167 + c237) e
34.
(3.9)
Then,
ιe7γ ∧ ιe5γ ∧ γ = 0,
for any closed 3-form γ on g. Therefore, if ρ = γ is a closed G∗2-structure on g, we
have bρ(e7, e5) = 0. 
Lemma 3.5. Let g be the 7-dimensional Lie algebra defined in (2.1), and let ρ be a
closed G∗2-structure on g inducing the pseudo-metric gρ. Then, gρ(e
1, e1) and gρ(e
1, e2)
are both zero.
Proof. Clearly ρ can be expressed as in (3.5) since ρ is a closed 3-form on g. Then,
using (3.1) and (3.2) we can determine gρ(ei, ej), for 1 ≤ i ≤ j ≤ 7. Let A =
(gρ(ei, ej))
7
i,j=1 be the Grammatrix of the pseudo-metric gρ. Then, A
−1 = (gρ(e
i, ej))7i,j=1
is the Gram matrix of gρ on g
∗ with respect to the basis {e1, . . . , e7} of g∗. Therefore,
gρ(e
1, e1) is a multiple of
det (bρ(ei, ej))
7
i,j=2
det (bρ(ei, ej))
7
i,j=1
.
But a calculation (by using a symbolic software) shows that det (bρ(ei, ej))
7
i,j=2 = 0.
Hence, gρ(e
1, e1) = 0. Similarly, one can check that det (bρ(ei, ej))i 6=1,j 6=2 = 0, and so
gρ(e
1, e2) = 0. 
In order to show other conditions that must satisfy a non Ricci-flat Einstein pseudo-
metric gρ, determined by a closed G
∗
2-structure on g, we need the following result,
which shows an explicit expression of the Ricci curvature of any pseudo-metric on a
unimodular Lie algebra with Killing form zero.
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Proposition 3.6. ([7, Proposition 2.1]) Let h a unimodular Lie algebra with Killing
form zero and a pseudo-metric h. Let ad(h) be the image of h in z(h)◦ ⊗ h1, where
h1 = [h, h], and z(h)◦ is the annihilator of the center z(h) of h in h∗. Then,
Ric(h)(u, v) =
1
2
(
h(du♭, dv♭)− h(ad(u), ad(v))
)
, (3.10)
for u, v ∈ h, and where ♭ : h → h∗ denotes the musical isomorphism induced by the
pseudo-metric h.
Note that the pseudo-metric h on h induces not only a pseudo-metric h on h∗ but
also a pseudo-metric h on Λk(h∗) which is given by
h(α1 ∧ . . . ∧ αk, β1 ∧ . . . ∧ βk) = det
(
h(αi, βj)
)k
i,j=1
,
for α1, . . . , αk, β1, . . . , βk ∈ h∗. Moreover, since ad(h) ⊂ z(h)◦ ⊗ h1 ⊂ h∗ ⊗ h, the
pseudo-metric h on h induces a pseudo-metric h on ad(h) which is given by
h(α⊗ u, β ⊗ v) = h(α, β) h(u, v),
for α⊗ u, β ⊗ v ∈ ad(h).
Now, let g be the 7-dimensional Lie algebra defined in (2.1), and let ρ be a closed
G∗2-structure on g inducing the pseudo-metric gρ. As a consequence of Proposition
3.6, we have
Ric(gρ)(e7, v) =
1
2
gρ
(
de♭7, dv
♭
)
, (3.11)
for any v ∈ g. In fact, by (2.1), we know that z(g) = 〈e7〉, where z(g) denotes the
center of g. So, ad(e7) = 0. Therefore, from (3.10),
Ric(h)(e7, v) =
1
2
h
(
de♭7, dv
♭
)
,
for any v ∈ g, and for any pseudo-metric h on g. In particular, for h = gρ, we
have (3.11).
Lemma 3.7. Let g be the Lie algebra defined in (2.1), and let ρ be a closed G∗2-
structure on g whose underlying pseudo-metric gρ is Einstein and non Ricci-flat.
Then, gρ(e4, e7) and gρ(e5, e6) are both nonzero.
Proof. Assume that gρ(e4, e7) = 0 or, equivalently, bρ(e4, e7) = 0. Then we see that
gρ(e3, e7) also vanishes. In fact, since ρ is a closed 3-form on g, the 3-form ρ can be
expressed as in (3.5). Proceeding as in the proof of Lemma 3.4, we obtain
bρ(e4, e7) =
1
2
c2167 (−c157 + c167 + c237) ,
and
bρ(e3, e7) =
1
2
c167 c237 (−c157 + c167 + c237) .
A 7-DIMENSIONAL NILMANIFOLD WITH A NON RICCI-FLAT EINSTEIN PSEUDO-METRIC11
Thus, bρ(e3, e7) = 0 or, equivalently, gρ(e3, e7) = 0 if gρ(e4, e7) = 0.
Moreover, from Lemma 3.4 we know that gρ(ei, e7) = 0, for i = 5, 6, 7. Conse-
quently, if gρ(e4, e7) = 0 (and so gρ(e3, e7) = 0) we have e
♭
7 = ιe7gρ = gρ(e1, e7) e
1 +
gρ(e2, e7) e
2. Hence,
de♭7 = gρ(e1, e7) de
1 + gρ(e2, e7) de
2 = 0,
where the last equality is due to (2.1). But, by (3.11), d(e♭7) = 0 implies
Ric(gρ)(e7, v) = 0,
for any v ∈ g. Now, using that gρ is a non Ricci-flat Einstein pseudo-metric, i.e.
Ric(gρ) = λ gρ with λ a nonzero constant, we conclude that gρ(e7, v) = 0, for any
v ∈ g. But this contradicts that gρ is the pseudo-metric induced by a G
∗
2-form.
Therefore,
gρ(e4, e7) 6= 0.
Moreover, since ρ is a closed 3-form on g, from (3.5), (3.6) and (3.9), we have
bρ(e5, e6) = −c
2
167 (−c157 + c167 + c237) = −2 bρ(e4, e7),
which implies that bρ(e5, e6) or, equivalently, gρ(e5, e6) is nonzero because gρ(e4, e7) is
nonzero. 
Lemma 3.8. Let ρ be a closed G∗2-form on g such that the induced pseudo-metric gρ
is Einstein and non Ricci-flat. Then, gρ(e
1, e3) and gρ(e
1, e4) must be zero.
Proof. Firstly we prove that gρ(e
1, e3) = 0. From Lemma 3.4 we know that gρ(e7, e7) =
0. Thus, Ric(gρ)(e7, e7) = 0 since the pseudo-metric gρ is Einstein. Then, by (3.11),
gρ(de
♭
7, de
♭
7) = 0. (3.12)
On the other hand, we determine de♭7 as follows. We know that gρ(ei, e7) = 0 (i =
5, 6, 7) by Lemma 3.4, but gρ(e4, e7) 6= 0 by Lemma 3.7. Hence, e
♭
7 = ιe7gρ =
gρ(e1, e7) e
1 + gρ(e2, e7) e
2 + gρ(e3, e7) e
3 + gρ(e4, e7) e
4. So, by (2.1),
de♭7 = gρ(e3, e7) de
3 + gρ(e4, e7) de
4 = gρ(e3, e7) e
12 + gρ(e4, e7) e
13.
Therefore,
gρ(de
♭
7, de
♭
7) = gρ(e3, e7)
2gρ(e
12, e12) + 2 gρ(e3, e7)gρ(e4, e7) gρ(e
12, e13)
+ gρ(e4, e7)
2gρ(e
13, e13)
= −gρ(e4, e7)
2gρ(e
1, e3)2,
where the last equality follows from Lemma 3.5. In fact, the equalities gρ(e
1, e1) = 0 =
gρ(e
1, e2) imply gρ(e
12, e12) = 0 = gρ(e
12, e13), and gρ(e
13, e13) = gρ(e
1, e1)gρ(e
3, e3) −
gρ(e
1, e3)2 = −gρ(e
1, e3)2. Now, from (3.12) we have
gρ(de
♭
7, de
♭
7) = −gρ(e4, e7)
2gρ(e
1, e3)2 = 0.
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Since gρ is a non Ricci-flat Einstein pseudo-metric induced by a closed G
∗
2-structure
on g, then gρ(e4, e7) is nonzero by Lemma 3.7. So gρ(e
1, e3) vanishes.
To prove that gρ(e
1, e4) = 0, we proceed as in the previous proof that gρ(e
1, e3) = 0.
From Lemma 3.4 we know that gρ(e6, e6) = 0. Thus, Ric(gρ)(e6, e6) = 0 because the
pseudo-metric gρ is Einstein. Then, by (3.10),
gρ(de
♭
6, de
♭
6)− gρ(ad(e6), ad(e6)) = 0. (3.13)
We determine each term on the left-hand side of (3.13). We begin with gρ(de
♭
6, de
♭
6).
By Lemma 3.4, gρ(ei, e6) = 0, for i = 6, 7, but gρ(e5, e6) 6= 0 by Lemma 3.7. Hence,
e♭6 = ιe6gρ = gρ(e1, e6) e
1+ gρ(e2, e6) e
2+ gρ(e3, e6) e
3+ gρ(e4, e6) e
4.+ gρ(e5, e6) e
5. So,
using (2.1),
de♭6 = gρ(e3, e6) de
3 + gρ(e4, e6) de
4 + gρ(e5, e6) de
5
= gρ(e3, e6) e
12 + gρ(e4, e6) e
13 + gρ(e5, e6) e
14.
Therefore,
gρ(de
♭
6, de
♭
6) = gρ(e3, e6)
2 gρ(e
12, e12) + gρ(e4, e6)
2 gρ(e
13, e13)
+ gρ(e5, e6)
2 gρ(e
14, e14) + 2 gρ(e3, e6) gρ(e4, e6) gρ(e
12, e13)
+ 2 gρ(e3, e6) gρ(e5, e6) gρ(e
12, e14) + 2 gρ(e4, e6) gρ(e5, e6) gρ(e
13, e14).
From Lemma 3.5 we have gρ(e
12, e1m) = 0, for m = 2, 3, 4. Moreover, Lemma 3.5 and
the equality gρ(e
1, e3) = 0 imply that gρ(e
13, e1n) = 0, for n = 3, 4. Thus, taking into
account that gρ(e
14, e14) = −gρ(e
1, e4)2, we obtain
gρ(de
♭
6, de
♭
6) = −gρ(e5, e6)
2 gρ(e
1, e4)2. (3.14)
On the other hand, from (2.1) it follows that ad(e6) = e
1 ⊗ e7. Hence,
gρ(ad(e6), ad(e6)) = gρ(e
1 ⊗ e7, e
1 ⊗ e7) = gρ(e
1, e1) gρ(e7, e7) = 0,
where in the last equality we use that gρ(e7, e7) = 0 by Lemma 3.4. Since gρ(ad(e6), ad(e6)) =
0, (3.13) becomes
gρ(de
♭
6, de
♭
6) = 0.
Then, by (3.14), we obtain
gρ(e5, e6)
2gρ(e
1, e4)2 = 0,
which implies gρ(e
1, e4) = 0 because gρ is a non Ricci-flat Einstein pseudo-metric
induced by a closed G∗2-structure on g, and so gρ(e5, e6) 6= 0 by Lemma 3.7. 
To prove the main result of this section, we will need also the following.
Proposition 3.9. ([7, Proposition 2.4]) Let h be a nilpotent Lie algebra and let h be
a pseudo-metric on h. Let ad(h) be the image of h in z(h)◦ ⊗ h1, where h1 = [h, h],
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and z(h)◦ is the annihilator of the center z(h) of h in h∗. Let d(h∗) be the image of h∗
in
∧2
z(h)◦. Let M be the null space of ad(h) and let N be the null space of d(h∗). If
dimM+ dimN ≥ dim h1 − dim z(h), (3.15)
then h is not Einstein unless it is Ricci-flat.
Theorem 3.10. The Lie algebra g defined in (2.1) has a closed G∗2-structure, but g
does not admit any closed G∗2-structure ρ such that the induced pseudo-metric gρ is
Einstein and non Ricci-flat.
In particular, the non Ricci-flat Einstein pseudo-metric given in (2.3) is not deter-
mined by any closed G∗2-structure on g.
Proof. Let us consider the coframe {h1, . . . , h7} of g∗ given by
e1 =
1
2
(
−h2 + h6
)
, e2 = −h4 + h7, e3 = h3,
e4 = −
1
2
h1 + h3 − h4 +
1
2
h5 + h7, e5 = h1 +
1
2
h3 + h5,
e6 = h2 − 2 h4 + h6 + 2 h7, e7 =
1
2
(
4 h2 − 3 h4 + 5 h7
)
.
(3.16)
We define the G∗2-structure ϕ on g for which {h
1, . . . , h7} is an adapted coframe, i.e.
ϕ is given by
ϕ = −h127 − h347 + h567 + h135 − h146 − h236 − h245.
One can check that the 3-form ϕ, in terms of the coframe {e1, . . . , e7} of g∗, has the
following expression
ϕ = e137 + 2 e156 − 2 e157 + e235 − e237 + e246 + e345. (3.17)
We claim that ϕ is closed. Indeed, by the equations (2.1), we have d(e137 + e235) = 0,
2 d(e156−e157) = −2 e1245 and d(−e237+e246+e345) = 2 e1245. Thus, ϕ defines a closed
G∗2-structure on g.
Next, we are going to show that no closed G∗2-structure on g induces a non Ricci-flat
Einstein pseudo-metric.
Assume that g has a closed G∗2-structure ρ such that the induced pseudo-metric gρ
is Einstein and non Ricci-flat, i.e. Ric(gρ) = λ gρ, for some nonzero constant. Firstly,
we prove that the Lie algebra g, with the non Ricci-flat Einstein pseudo-metric gρ,
satisfies the inequality (3.15).
The right-side of (3.15) can be computed directly from (2.1). We have g1 = [g, g] =
〈e3, e4, e5, e6, e7〉 and z(g) = 〈e7〉. So, dim[g, g]− dim z(g) = 4.
Now, we show that dimM ≥ 2 because ad(e5), ad(e6) ∈ M. By (2.1), the space
ad(g) is generated by ad(g) ⊂ z(g)◦ ⊗ g1 = 〈ei ⊗ ej ; 1 ≤ i ≤ 6 and 3 ≤ j ≤ 7〉 is
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generated by
ad(e1) = −e
2 ⊗ e3 − e
3 ⊗ e4 − e
4 ⊗ e5 − e
5 ⊗ e6 − e
6 ⊗ e7,
ad(e2) = e
1 ⊗ e3 − e
3 ⊗ e6 − e
3 ⊗ e7 − e
4 ⊗ e7,
ad(e3) = e
1 ⊗ e4 + e
2 ⊗ e6 + e
2 ⊗ e7, ad(e4) = e
1 ⊗ e5 + e
2 ⊗ e7,
ad(e5) = e
1 ⊗ e6, ad(e6) = e
1 ⊗ e7, ad(e7) = 0.
(3.18)
Clearly ad(e5) = e
1 ⊗ e6, ad(e6) = e
1 ⊗ e7 ∈ Λ
1(e1, e2, e3, e4) ⊗ g + g∗ ⊗ 〈e6, e7〉 since
ad(e5) and ad(e6) belong to each of those terms. Moreover, because gρ is a non Ricci-
flat Einstein pseudo-metric induced by a closed G∗2-structure on g, from Lemma 3.5
and Lemma 3.8 we know that e1 is gρ-orthogonal to e
1, e2, e3 and to e4. Then, ad(e5)
and ad(e6) are both gρ-orthogonal to Λ
1(e1, e2, e3, e4) ⊗ g. Also Lemma 3.4 implies
that e6 and e7 generate an isotropic subspace of g (with respect to the pseudo-metric
gρ). Thus, ad(e5) and ad(e6) are both gρ-orthogonal to g
∗ ⊗ 〈e6, e7〉. So ad(e5) and
ad(e6) are also gρ-orthogonal to Λ
1(e1, e2, e3, e4)⊗ g + g∗ ⊗ 〈e6, e7〉. But from (3.18),
ad(g) ⊆ Λ1(e1, e2, e3, e4)⊗ g+ g∗ ⊗ 〈e6, e7〉.
Therefore, ad e5 and ad e6 are in the null space of ad g, i.e. ad(e5), ad(e6) ∈ M, and
hence dimM ≥ 2.
We determine a lower bound for dimN by proving that de3, de4, de5 ∈ N. First,
note that de3, de4, de5 ∈ Λ1(e1) ∧ Λ1(e2, e3, e4) by (2.1). Using again that gρ is a non
Ricci-flat Einstein pseudo-metric on g determined by a closed G∗2-structure on g, from
Lemma 3.5 and Lemma 3.8 we know that e1 is gρ-orthogonal to e
1, e2, e3 and e4, that
is gρ(e
1, ei) = 0, for 1 ≤ i ≤ 4. Then,
gρ(e
1j , e1k) = gρ(e
1, e1) gρ(e
j, ek)− gρ(e
1, ej) gρ(e
1, ek) = 0,
for 1 ≤ j ≤ 4 and 1 ≤ k ≤ 7. So, Λ1(e1)∧Λ1(e2, e3, e4) is gρ-orthogonal to Λ
1(e1)∧g∗.
Moreover,
gρ(e
1j , epq) = gρ(e
1, ep) gρ(e
j , eq)− gρ(e
1, eq) gρ(e
j , ep) = 0,
for 2 ≤ j, p, q ≤ 4, which implies that Λ1(e1) ∧ Λ1(e2, e3, e4) is gρ-orthogonal to
Λ2(e2, e3, e4). Thus, Λ1(e1)∧Λ1(e2, e3, e4) is gρ-orthogonal to Λ
1(e1)∧g∗⊕Λ2(e2, e3, e4),
because Λ1(e1) ∧ Λ1(e2, e3, e4) is gρ-orthogonal to each of those terms. But d(g
∗) ⊆
Λ1(e1) ∧ g∗ ⊕ Λ2(e2, e3, e4). Consequently, de3, de4, de5 ∈ N, and hence dimN ≥ 3.
Therefore, dimM + dimN ≥ 5 ≥ dim g1 − dim z(g) = 4. This shows that the Lie
algebra g, with the pseudo-metric gρ, satisfies the inequality (3.15). Then, gρ must
be Ricci-flat by Proposition 3.9, which is a contradiction with our assumption on the
pseudo-metric gρ. 
Remark 3.11. In section 4, Example 1, we show that the closed G∗2-structure ϕ
given in (3.17) is harmonic, but not coclosed, and the induced pseudo-metric by ϕ is
not Einstein.
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4. Closed and harmonic G∗2-structures inducing Einstein
pseudo-metrics
Here we prove that if a closed and harmonic G∗2-structure ϕ on a 7-manifold (not
necessarily compact) is such that the induced pseudo-Riemannian metric gϕ is Ein-
stein, then gϕ is Ricci-flat. Moreover, we give two examples of nilpotent Lie algebras,
each of them endowed with a closed and harmonic G∗2-structure which is not coclosed.
In one of these examples the induced pseudo-metric is not Einstein whereas the in-
duced pseudo-metric on the other example is Ricci-flat and non-flat. First, we need
some results about G∗2-structures on manifolds.
The representation theory for G∗2-structures is similar to that of G2-structures, so
that if V is a real vector space of dimension 7 with a G∗2-structure ϕ, then G
∗
2 acts
irreducibly on V, and hence on Λ1(V ∗) and Λ6(V ∗), but G∗2 acts reducibly on Λ
p(V ∗),
for 2 ≤ p ≤ 5. Therefore, a G∗2-structure ϕ on a 7-dimensional manifold M induces
splittings of the bundles ΛpT ∗M of p-forms on M into direct summands, which we
denote by ΛprT
∗M , where r is the rank of the bundle. Let Ωpr(M) be the space of
sections of ΛprT
∗M . Then, the space Ωp(M) of differential p-forms on M (p = 2, 3)
admits the following decomposition
Ω2(M) = Ω27(M)⊕ Ω
2
14(M),
Ω3(M) = Ω31(M)⊕ Ω
3
7(M)⊕ Ω
3
27(M),
where
Ω27(M) = {⋆ϕ(α ∧ ⋆ϕϕ) | α ∈ Ω
1(M)},
Ω214(M) = {β ∈ Ω
2(M) | β ∧ ϕ = − ⋆ϕ β}
= {β ∈ Ω2(M) | β ∧ ⋆ϕϕ = 0},
Ω31(M) = {f ϕ | f ∈ Ω
0(M)},
Ω37(M) = {⋆ϕ(α ∧ ϕ) | α ∈ Ω
1(M)},
Ω327(M) = {γ ∈ Ω
3(M) | γ ∧ ϕ = 0 = γ ∧ ⋆ϕϕ}.
(4.1)
The Hodge star ⋆ϕ : Ω
p(M) → Ω7−p(M) gives the corresponding decompositions of
Ω4(M) and Ω5(M).
If one applies the splittings of the 4- and 5-forms to the differentials dϕ and d ⋆ϕϕ,
one may show (see [1]) that{
dϕ = τ0 ⋆ϕ ϕ + 3 τ1 ∧ ϕ+ ⋆ϕτ3,
d ⋆ϕ ϕ = 4 τ1 ∧ ⋆ϕϕ− ⋆ϕτ2,
(4.2)
where τ0 ∈ Ω
0(M), τ1 ∈ Ω
1(M), τ2 ∈ Ω
2
14(M) and τ3 ∈ Ω
3
27(M).
Therefore, if ϕ is a closed G∗2-structure on M , i.e. dϕ = 0, then (4.2) implies that
τ0, τ1 and τ3 are all zero, so the only non-zero torsion form is τ2, which we call the
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torsion 2-form of ϕ. For the rest of the article, we write τ = τ2 for simplicity. Thus,
if ϕ is a closed G∗2-structure, by (4.1) and (4.2),
dϕ = 0, d ⋆ϕ ϕ = − ⋆ϕ τ = τ ∧ ϕ, (4.3)
since τ ∈ Ω214(M). Moreover, note that it can happen that ‖τ‖gϕ = 0, but this does
not imply that τ = 0 because gϕ has signature (3, 4).
Let M be a 7-dimensional manifold with a G∗2-structure ϕ. We remind that a
differential k-form α on M is said to be harmonic if
∆ϕα = 0,
where ∆ϕ is the Hodge Laplacian operator of the pseudo-Riemannian metric gϕ de-
termined by ϕ, that is, ∆ϕα = (dδ + δd)α with δα = (−1)
7(k+1)+1 ⋆ϕ d ⋆ϕ α.
To prove the main result of this section, we need the following proposition, which
shows a formula for the scalar curvature of the pseudo-Riemannian metric associated
to a closed G∗2-structure on M .
Proposition 4.1. Let ϕ ∈ Ω3(M) be a closed G∗2-structure on a 7-dimensional mani-
fold M, with torsion 2-form τ ∈ Ω214(M), and let gϕ be the pseudo-Riemannian metric
on M determined by ϕ. Then, the scalar curvature scal(gϕ) of gϕ is given by
scal(gϕ) = −
1
2
gϕ(τ, τ). (4.4)
The equality (4.4) was obtained by Bryant for closed G2-structures (see [1, (4.16)
of Section 4]). The proof of (4.4) for closed G∗2-structures follows step by step the one
given by Bryant in [1] for closed G2-structures. That is why we omit it here.
Theorem 4.2. Let M be a 7-dimensional manifold equipped with a closed and har-
monic G∗2-structure ϕ, and let gϕ be the pseudo-Riemannian metric on M determined
by ϕ. Then, the scalar curvature scal(gϕ) of gϕ vanishes. Therefore, if gϕ is Einstein,
gϕ is Ricci-flat.
Proof. By Proposition 4.1, scal(gϕ) = 0 if and only if gϕ(τ, τ) = 0. To prove that
gϕ(τ, τ) = 0 we proceed as follows. From (4.3) we know that d ⋆ϕ ϕ = − ⋆ϕ τ , and so
τ = − ⋆ϕ d ⋆ϕ ϕ. Then, using that ϕ is closed and harmonic, we have that τ is closed.
In fact,
dτ = −d ⋆ϕ d ⋆ϕ ϕ = dδϕ = ∆ϕϕ = 0.
On the other hand,
gϕ(τ, τ) volϕ = τ ∧ ⋆ϕτ = −τ ∧ d ⋆ϕ ϕ, (4.5)
where in the last equality we use (4.3). But by (4.1), τ ∧ ⋆ϕϕ = 0 since τ ∈ Ω
2
14(M).
So, taking into account that τ is closed, we have
0 = d(τ ∧ ⋆ϕϕ) = dτ ∧ ⋆ϕϕ+ τ ∧ d ⋆ϕ ϕ = τ ∧ d ⋆ϕ ϕ.
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Therefore, τ ∧ d ⋆ϕ ϕ = 0, and so gϕ(τ, τ) = 0 by (4.5). Hence, scal(gϕ) = 0 by (4.4).
Let us now suppose that gϕ is Einstein. Then, gϕ is Ricci-flat since an Einstein
pseudo-Riemannian metric on M , with zero scalar curvature, is Ricci-flat. This com-
pletes the proof of the theorem. 
Next, we show two examples of 7-dimensional nilpotent Lie algebras, each of them
equipped with a closed and harmonic G∗2-structure, which is not coclosed. In the first
example, the induced pseudo-metric by the G∗2-structure is not Einstein, while in the
second example the induced pseudo-metric is Ricci-flat and non-flat.
4.1. Example 1. Let g be the 7-dimensional nilpotent Lie algebra defined by (2.1).
Let us consider the closed G∗2-structure ϕ given by (3.17). We have that ϕ is non-
coclosed. In fact, one can check that ⋆ϕ(ϕ) =
1
2
e1236 − e1256 − e1267 + 1
2
e1346 + e1356 −
2e1357 + e1456 − 1
2
e2346 − 1
2
e2347 − e2356 + e2357 + e2456 − e2457, and
d(⋆ϕ(ϕ)) = −
7
2
e12345 −
3
2
e12346 + e12347 + 2e12356 − e12357 − e12456 6= 0.
Hence, ϕ is not coclosed.
However, ϕ is harmonic. In fact, we have that the 2-form ⋆ϕ(d(⋆ϕϕ)) is given by
⋆ϕ(d(⋆ϕϕ)) =
5
2
e12 −
3
2
e13 + e14 + e15 − e23.
This 2-form is clearly closed by (2.1).
With respect to the frame {e1, . . . , e7} of g, we have that the induced pseudo-
Riemannian metric gϕ is given by
gϕ =


0 0 0 0 0 1 0
0 0 1
2
0 −1 −1 1
0 1
2
0 −1
2
−1 0 0
0 0 −1
2
0 1 0 0
0 −1 −1 1 0 0 0
1 −1 0 0 0 0 0
0 1 0 0 0 0 0


,
whereas the Ricci-curvature Ric(gϕ) of ϕ equals
Ric(gϕ) =


1 0 0 0 0 0 0
0 −1
2
0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


.
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Thus, gϕ is not Einstein.
4.2. Example 2. Let n be the nilpotent Lie algebra of dimension 7 with structure
equations
(0, 0, e12, 0, 0, e13 + e24, e15). (4.6)
Let us consider the coframe {x1, . . . , x7} of n∗ given by
x1 = −e7, x2 = e1 − 1
2
e6, x3 = e3 − 1
2
e4, x4 = 1
4
e2 − e5,
x5 = −e3 − 1
2
e4, x6 = 1
4
e2 + e5, x7 = e1 + 1
2
e6.
(4.7)
We define the G∗2-structure ψ on n for which {x
1, . . . , x7} is an adapted coframe, i.e.
ψ = −x127 − x347 + x567 + x135 − x146 − x236 − x245
= e123 +
1
2
e257 + e167 + e347 − e456
(4.8)
This form ψ is closed. In fact, d(e123) = 0, d(e257) = 0 and d(e167 + e347 − e456) = 0
by (4.6). Thus ψ defines a closed G∗2-structure on n.
Using (3.4) and (4.7), we have
⋆ψψ = x
1234 − x1256 − x3456 − x2467 + x2357 + x1457 + x1367
= −1
2
e1256 − e1237 − e1346 − 1
2
e2345 − e4567.
(4.9)
Thus, d(⋆ψψ) = −e
13457 = 1
4
(−x12345 − x12356 + x13457 + x13567) 6= 0. This means that
ψ is non-coclosed.
However, ψ is harmonic. In fact,
⋆ψd(⋆ψψ) =
1
4
(
−x24 + x26 + x47 − x67
)
= e15.
But, since ψ is closed,
∆ψψ = d(⋆ψd(⋆ψψ)) = d(e
15) = 0,
i.e. ψ is harmonic.
Moreover, with respect to the frame {e1, . . . , e7} of n, we have that the pseudo-
metric gψ induced by ψ is given by
gψ =


0 0 0 0 0 1 0
0 0 0 0 1
2
0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 1
2
0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 −1


,
A 7-DIMENSIONAL NILMANIFOLD WITH A NON RICCI-FLAT EINSTEIN PSEUDO-METRIC19
from which one obtains
R = −
3
4
e15 ⊗ e15
for the fully covariant Riemann curvature tensor R, and then Ric = 0. Thus, gψ is
Ricci-flat but not flat.
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